Abstract. A fluid system bounded by a flat bottom and a flat surface with an internal wave and depth-dependent current is considered. The Hamiltonian of the system is presented and the dynamics of the system are discussed. A long-wave regime is then considered and extended to produce a KdV approximation. Finally, a solitary wave solution is obtained.
INTRODUCTION
Surface waves typically have heights of 1-2m with extreme wave heights greater than 20m having been observed, for example a 20.4m surface wave was measured off the northwest coast of Ireland in December 2011 by MetÉireann (the Irish meteorological service). Internal waves are disturbances which act as an interface between discrete fluid bodies which have distinct properties such as salinity or temperature. As internal waves are typically 10 times higher than surface waves this heuristically suggests that extreme internal waves as high as 200m may occur. Indeed Alford et al. [1] have measured wave heights in excess of 170m in the Luzon Strait in the South China Sea.
Studies of such gigantic waves are essential in the context of tsunami prediction, marine biology, the design of marine vessels, etc.
Some studies in an irrotational [2] and a rotational [3] setting have been completed but the most pertinent is the long-wave and KdV approximations obtained in [4] . The presented paper extends this analysis to produce a solitary wave solution.
SETUP
A two-dimensional water wave system consisting of two discrete fluid domains separated by a free common interface in the form of an internal wave, such as a pycnocline or thermocline, is presented as per Figure 1 .
The system is bounded at the bottom by an impermeable flatbed at a depth of h 1 and is considered as being bounded on the surface by an assumption of absence of surface motion by a lid at a height of h 2 . The domains
η(x, t) < y < h 2 } are defined with values associated with each domain using corresponding respective subscript notation 1 and 2. Propagation of the internal wave is assumed to be in the positive x-direction which is considered to be 'eastward'. The centre of gravity is in the negative y-direction.
The function η(x, t) describes the elevation of the internal wave with the mean of η assumed to be zero,
The system is considered to be incompressible with ρ 1 and ρ 2 being the respective constant densities of the lower and upper media and stability is given by the immiscibility condition
(1)
To avoid duplication of similar expressions in the 2 domains the subscript i = {1, 2} is introduced and so the velocity vector u i = (u i , v i , 0) is given in terms of stream functions ψ 1 , ψ 2 as
or in terms of wave-only velocity potentials ϕ 1 , ϕ 2 and current U(y) as
where the current profile is depicted by the heavy line in Figure 2 consisting of 5 layers: layer I having an arbitrary current U 2 (y), layers II and III (which we will collectively refer to as the strip, that is the layers adjacent to the wave) having linear profiles characterised by constant vorticities γ i and constant currents κ i , layer IV having an arbitrary current U 1 (y) and layer V having zero current. It is noted at y = 0 that the current is κ 1 from the perspective of Ω 1 and κ 2 from the perspective of Ω 2 and hence for κ 1 κ 1 there exists a vortex sheet.
The positive constants σ 1 − σ 3 are included to demonstrate that a westward surface wind may be responsible for a westward drift experienced by observers on the surface but that this drift might reduce in strength and ultimately become an eastward drift for, say, a scuba diver descending in the presence of the considered current. This phenomenon was until relatively recently referred to (mysteriously) as dead water and demonstrates how recent knowledge of such processes is.
We make the assumption that the functions η(x, t),φ 1 (x, y, t) andφ 2 (x, y, t) belong to the Schwartz class S(R) with respect to the x variable (for any y and t). This reflects the localised nature of the wave disturbances. The assumption of course implies that for large absolute values of x the internal wave attenuates and so
The situation with a free surface is studied in [5, 6] .
GOVERNING EQUATIONS
The Bernoulli condition at the interface is [4, 5] 
where χ i (x, t) := ψ i x, η(x, t), t is the stream function evaluated at the interface, the subscript c means evaluation at the common interface (i.e. on the wave), g is the acceleration due to gravity and ω is the rotational speed of Earth.
There is a kinematic boundary condition at the interface
and boundary conditions at the bottom and top
respectively.
HAMILTONIAN FORMULATION
The Hamiltonian is given in terms of decomposed (wave and current) variables by the functional H via
By introducing the interface velocity potentials
the overall interface velocity potential
Dirichlet-Neumann operators (where n i are outward normals)
the operator B
and the variable µ µ(
the Hamiltonian can be written in terms of conjugate variables as
and it is noted that (14) now describes the system in terms of wave quantities only. The system has non-canonical equations of motion, analogous to those in [7] :
where, by establishing that
and the constant Γ is introduced as
It is noted, by the absence of U 1 and U 2 terms, that the dynamics of the system depends on the strip only. We can use the variable transformation [8] 
as ξ is defined modulo an additive constant, and use the fact that
(noting that the variable ζ(x, t) also belongs to the Schwartz class S(R) with respect to x) to give canonical equations of motion
In the case of a free surface the results can be extended as in [5, 6, 9, 10] .
THE LONG-WAVE APPROXIMATION
As the vortex sheet provides a physically unrealistic representation it can be eliminated simply be letting κ = κ 1 = κ 2 giving the Hamiltonian:
The Dirichlet-Neumann operators can be expanded in terms of orders of η as
As η, ξ are periodic it can be shown that
and
where D is a Fourier multiplier equivalent to the operation −i∂/∂x. B(G(η)) can hence also be expanded. The following scaling is performed:
where (u 1 , u 2 ) are the velocity vectors and a is the wave amplitude. Small arbitrary constant parameters ε, δ ∈ R are introduced:
From the kinematic boundary condition η, ξ ∼ O(ε). λ → h 2 λ and so λ −1 ∼ O(δ) giving the long-wave regime. As D is equivalent to the wavenumber k = 2π/λ then D ∼ O(δ).
So the expanded, nondimensionalised and scaled Dirichlet-Neumann operators and B −1 operator can be written as
and 
